Abstract| This work extends the error reduction properties of frames to an error correcting routine. It leads to complete noise removal for sparse noise for a class of frames. The results for images using Laplacian pyramids show an additional 10dB improvement over the previously demonstrated noise reduction for frames.
I. Introduction
THE study of multiresolution representations of images led to the development of the pyramid [1] and wavelet representations [2] . The redundancy in the pyramid representation bestows on it the properties of an error correcting code. The error correcting properties of the pyramids studied in this paper are a property of the representation itself and not a result of making any assumptions about the original images. The use of pyramids as error correcting codes is thus not limited to low-pass or bandlimited images. While the energy in the natural images may be mostly in the low frequencies, the important information is usually in the high frequencies. In military and medical applications, for example, the end user is often looking for dierences in small detail or texture in the images and the preservation of the high frequencies is important.
The original contribution of this work is a nonlinear iterative algorithm that can lead to complete noise removal for a single pixel error in pyramids. For multiple pixel errors, the algorithm leads to noise reduction beyond that achieved by the standard reconstruction. Decomposition onto frames are also overcomplete representations and may be considered to be the more general class of which pyramids are a particular example. The error reduction properties of frames in general has been discussed in [3] . Our error correction algorithm can be applied to frames if they have a certain property. Numerical examples will be given to illustrate frames that do and do not support error correction. Finally, results will be given for pyramids and images showing the improvement in SNR from iterative decoding over regular reconstruction.
II. Pyramids and Frames
The Burt Laplacian pyramid is described in detail in [1] . The rules for the formation of the pyramid are recursive and This work was sponsored by ONR grant N00014-89-J-1192. The work was performed at Washington University Medical School, Dept of Anatomy and Neurobiology, by S.Rakshit (research associate) and C.H.Anderson (research professor). Current e.mail of S.Rakshit: subrata@cair.ernet.in 1 a Gaussian pyramid (G n ) is formed along with the Laplacian one (L n ). The original image is taken as G 0 , the bottom of the Gaussian pyramid. A Laplacian pyramid corresponding to an image refers to all the bandpass components L n and the top level Gaussian G N and G 0 can be perfectly reconstructed from it. Since pyramids were developed in the context of image processing, dynamic range was an important issue. The denition of the Laplacian pyramid requires that the bandpass images have only twice the dynamic range of the (non-negative) G 0 . This means that the lower frame bound can be made arbitrarily small by chosing a large enough image with all pixels identical. Since the Laplacians for a constant image are 0, only the G n will have nonzero pixels and so the ratio of the sum square of the pyramid pixels to that of the image can be made arbitrarily small by starting with a larger image and terminating at a xed size. This problem can be solved by scaling up each G n by 2 creating a normalized pyramid. However, the dynamic range required for each level is now twice the previous level. For this reason, such a normalization has not been widely used.
A Formally, the decomposition on a frame can be dened in terms of a \frame operator" T : H ! l (J) will be called transforms and we will speak of functions and transforms just as we speak of images and pyramids. The range of T , denoted ranT , is a proper subspace of l 2 (Z 2 ) for overcomplete frames. As discussed in [3] , this is conducive to noise reduction since random noise added to a function's transform will have a component that is outside ranT and will be reconstructed to 0 by the dual operator. Since a function's transform dened by (Tf) = c must be 2 ranT , any component of a given transform dened as above that lies outside ranT can be attributed to noise. Hence if a frame decomposition is to be regarded as an error correcting code then theĉ 2 ranT are the codewords and it now remains to be shown that there exists a decoding algorithm that can map a received c to the original codeword. We present an algorithm that works for frames having a certain property. The Laplacian pyramid, being one such frame, will be used as a code for images.
III. Noise Detection, Reduction and Removal
The ability of frames to do noise reduction was shown in [3] to be linked with the redundancy of a frame since this makes ranT smaller with respect to l 2 (Z 2 ) and part of the noise is outside ranT . This is a boon to those using redundant frames but it does not constitute an error correcting code by itself for the following reason. In transmitting (or storing) c instead of f , more noise will be picked up since more numbers have to be sent and this increase is also proportional to the redundancy. Hence a directly transmitted f will be only as noisy as an f reconstructed from transmitted c, assuming the noise is evenly distributed inside and out of ranT . An algorithm will be presented here that can partly remove the noise within ranT thereby making the transmission of c superior to direct transmission of f .
The orthogonal projection operator TT 3 converts any c into aĉ 2 ranT and further applications of the operator produces no change. What is needed for error correction to succeed is a way of altering this projected c such that repeated applications of TT 3 can iteratively remove the noise. In changing from c toĉ 2 ranT , an individual element (c) l may change because it was corrupted by noise or because an element in its neighborhood was corrupted and this change can positive or negative. Thus a change or the sign of the change cannot be taken as indication of corruption. However, for isolated errors, the magnitude of the change can be expected to be bigger for the single corrupted element than for the many neighbors it aects. Hence single pixel error can be completely removed if, for c l = (l 0 l 0 ), 
Here th is a number that is reduced incrementally after each iteration. A single pixel error of magnitude E at l = l 0 in any frame can thus be modeled as the sum of a c sig and c noise = E(l 0 ). At each iteration, the dierence in d 0 c is the result of noise. So long as eqn (1) The pixel at l = l 0 will be updated and < 1 ensures a convergence to 0. The magnitude of the largest possible error determines the initial value of th while determines how much th can be reduced at each iteration. Two examples will be given to show frames that do and do not obey eqn(1).
A. Examples
Consider a frame with 3=2 redundancy dened by 1 
B. Burt Laplacian Pyramid
It will now be shown that the Burt Laplacian pyramid obeys eqn(1). For a particular choice of the lowpass lter used, one can always explicitly check eqn(1). The lowpass lters in pyramids need only have a cut-o below =2, they need not be a Gaussian lpf. (The names Gaussian and Laplacian were chosen to reect the underlying spirit only.) For analytic convenience, the lowpass lter will be assumed to be a Gaussian lowpass lter of width with a scale factor of 2 between levels, i.e., n = 2 n01 . The Laplacian pyramid with a single nonzero pixel (c l = (l 0 l 0 )) is equivalent to a pyramid with L n = 0 8n and G m = where the l 0 pixel is at level m. The reconstruction process consists of a series of convolutions with successively narrower Gaussians producing aĜ 0 ; The smallest is 0 and for m = 0 eqn(4) will not have the factor of 4=3. However, the lowpass lter needs to be suciently lowpass in order to allow subsampling of G 1 and this forces 0 to be 1. Hence the Laplacian pyramids always constitute a frame that satises eqn(1).
IV. Results
The decoding algorithm was tested using the Burt Laplacian pyramid. In all the results quoted below, (Tables I, II, III) , a pyramid was constructed on an image and then corrupted with noise. The top rows (SNR pyr ) indicate the noise added to the pyramid in dB with respect to the original pyramid. The middle rows (SNR rec0img )indicate the noise in the reconstruction of the corrupted pyramid with respect to the original image. The corrupted pyramids were then decoded by the decoding algorithm and were reconstructed to create the decoded images. The bottom rows (SNR dec0img )indicate the residual noise in these images with respect to the original images. Two types of noise were studied: isolated errors and 2-D burst errors. Images transmitted by encoding the pixels by a conventional code over a noisy channel will have a nonzero probability of a pixel error at the decoder. The codes are chosen so as to reduce this probability to an acceptable level. If Laplacian pyramids are transmitted instead of the image, this constraint on code selection can be relaxed. Since a byte error for an 8bit pixel could lead to any error up to 256, the error is clearly not Gaussian distributed. Thus dierent SNR pyr were achieved by varying the probability that a given pixel should be corrupted but once a pixel was chosen for corruption it was changed by an amount chosen with uniform probability between 0 and 6128. The results for this type of noise using the Laplacian pyramid are shown in Table I and Table II for 5 level and 6 level pyramids respectively. For a range of SNR, the decoding algorithm improves the SNR of the image over the simple reconstruction. There was no restriction on the noise to be sparse and it was inevitable that accidental alignment across levels should occur. These resulted in an incomplete noise removal but the algorithm failed gracefully and did improve the SNR with decoding. Pyramids could also be used as error correcting codes for storage of images in optical media and volume holograms. The Laplacian pyramids are well suited for this application since they can be generated by fast algorithms using separable kernels, they require only 33% more space and the bandwidths of the Laplacian bands never exceed that of the original image. The corruption due to media defects can be modeled as sparsely distributed blobs of error,
i.e., 2-D burst errors rather than single pixel errors. Various SNR pyr were created by selecting pixels to be blob centers with varying probabilities and then adding a Gaussian with = 2 and a random amplitude. The results for this kind of errors is shown in Table III . Errors in images need to be evaluated psychophysically because certain types of noise and artifacts are more disturbing than others. An example of error correction is shown in Figure 1 . The normalized Laplacian pyramid performed only as well as the regular pyramid. A few qualifying remarks are in order, however. Since the dynamic range of the normalized Laplacian levels keep increasing, the magnitude of the errors was similarly scaled as bit errors in larger words would show this behavior. The decoding algorithm was also modied to scale the threshold th by 2 n in the decoding algorithm. If the noise is not signal dependent (e.g., uniform quantizer) then the normalized pyramid has much better SNR pyr since the signal is much stronger for the higher levels. As has been pointed out, the error correction works best for isolated errors though a few accidental alignments can be handled. One class of errors that is guaranteed to violate that condition in an essential way is quantization errors. As a result, the decoding algorithm cannot do much to improve the SNR for quantization errors.
IV. Conclusions
The Laplacian pyramid's redundancy can be used for a signicant amount of error correction. The pyramids can be considered as a specic case of frames, and the error correction algorithm that works for pyramids can be used for frames in general provided the frame has the desired properties. The present work has focused on the performance of the Burt Laplacian pyramid as an error correcting code for images. The results show a 10dB improvement in SNR for 6 level pyramids for sparse errors and 6dB for 2-D burst errors. Quantization noise during compression cannot be removed by this code. 19.5dB 32.0 dB 38.6dB 46.5dB List of gure(s): Figure. 1 Improvement due to decoding over simple reconstruction -top-left: original image, middle-left: image reconstructed from noisy pyramid, bottom-left: image reconstructed from decoded pyramid, middle-right: initial noise in reconstructed image, bottom-right: noise removed, top-right: residual noise after decoding. The noise added to the pyramid was isolated single pixel errors. 
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